Some recurrence relations are established for the single and product moments of upper record values for the extended exponential distribution by Nadarajah and Haghighi (2011) as an alternative to the gamma, Weibull, and the exponentiated exponential distributions. Recurrence relations for negative moments and quotient moments of upper record values are also obtained. Using relations of single moments and product moments, means, variances, and covariances of upper record values from samples of sizes up to 10 are tabulated for various values of the shape parameter and scale parameter. A characterization of this distribution based on conditional moments of record values is presented.
Introduction
Record values are used in many statistical applications, statistical modeling and inference involving data pertaining to weather, athletic events, economics, life testing studies, and so on. Examples from Guinness World Records include the fastest time taken to recite the periodic table of the elements, shortest ever tennis matches both in terms of number of games and duration of time, or fastest indoor marathon. Several attempts are taken to make records, but records are made only when the attempt is a success. Usually, there is no data on all of the attempts made to break the record. Regarding the distributional properties of record-breaking data see Chandler (1952) , Resnick (1973) , Shorrock (1973) , Glick (1978) , Nevzorov (1987) , Ahsanullah (1995) , Ahsanullah (1993, 1994) , Grunzień and Szynal (1997) , and Nagaraja (1992, 1998) .
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The extended exponential has a decreasing probability function like an exponential distribution, but its mode at zero. It also allows for increasing, decreasing, and constant hazard rates like a Weibull distribution or an exponentiated exponential distribution. This distribution has explicit expressions of its survival function and failure rate function (see Nadarajah & Haghighi, 2011) .
A random variable X is said to have an extended exponential distribution if its probability density function (pdf) is of the form ( ) 
and its corresponding cumulative distribution function (cdf) is 
The hazard rate function is given by 
The properties of this distribution were studied by Nadarajah and Haghighi (2011) . They obtained moment and maximum likelihood estimators of the distribution. This distribution is a particular member of the three-parameter generalized power Weibull distribution, introduced by Nikulin and Haghighi (2006) . This distribution is a special case of the Gurvich, Dibenedetto, and Rande (1997) class as F(x) = 1 − exp(−aG(x)), where G(x) is a monotonically increasing function of x with the only limitation G(x) ≥ 0.
The concept of recurrence relations has its own importance. They are useful in reducing the number of operations necessary to obtain a general form for the function under consideration. Furthermore, they are used in characterizing distributions, which is an important area and permits the identification of the population distribution from the properties of the sample. Recurrence relations and identities have attained importance as they reduce the amount of direct computation, time, and labor. Recurrence relations for single and product moments of k record values from Weibull, Pareto, generalized Pareto, Burr, exponential, and Gumble distribution are derived by Pawlas and Szynal (1998 , 1999 , 2000 . Kumar (2015 Kumar ( , 2016 , Kumar, Jain, and Gupta (2015) , and Kumar, Kumar, Saran, and Jain (2017) established recurrence relations for moments of k th record values for generalized
Rayleigh, Dagum, type-I generalized half logistic, and Kumaraswamy-Burr III distribution, respectively. Some of the application areas of the extended exponential distribution include rainfall data analysis, earthquake frequency analysis, reliability, and survival analysis. In these and other application areas, the primary interest is in prediction of future events: what would be the magnitude of future rainfall, the magnitude of a future earthquake, etc. These predictions can be based on moments of record values.
Record Values and Preliminaries
Let {Xn, n ≥ 1} be a sequence of identically independently distributed (i.i.d.) random variables with cdf F(x) and pdf f(x). The j th order statistic of a sample (X1, X2,…, Xn) is denoted by Xj:n. For fixed k ≥ 1, we define the sequence {U (k) (n), n ≥ 1} of k th lower record times of X1, X2,… as follows:
The sequences 
where F̄(x) = 1 − F(x). In view of above equation, the marginal pdf of
5 and the joint pdf of
Relations for Single and Product Moments of Record Values Relations for Single Moments
For the extended exponential distribution in (1),
The relation in (6) will be exploited to derive recurrence relations for the moments of record values for the extended exponential distribution. Establish the explicit expression for single moment of k th record values
By setting t = −ln[F̄(x)] in (7) and simplifying,
: 00
where Γ(a) denotes the complete gamma function defined by ( )
Specially, the first moment (mean) of the n th record value is
where ( )
In addition, the variance of Un is
Remark 1. For k = 1 in (8), deduce the explicit expression for single moments of upper record values for the extended exponential distribution.
Recurrence relations for single moments of k th upper record values for cdf (2) are derived in the following theorem: Theorem 1. For the extended exponential distribution given in (1) with fixed parameters α, λ > 0, k, n = 1, 2,…, and the convention that 
Proof.
For n ≥ 1 and r = 0, 1, 2,…, from (4),
Integrating by parts, using [−ln(F̄(x))] n−1 [F̄(x)] k for differentiation and the rest of the integrand for integration, we get the relation given in (11).
Remark 2.
Setting k = 1 in (11), we can deduce the recurrence relation for single moments of upper record values for the extended exponential distribution.
Relations for Product Moments
Using (5) 
By setting w = −ln(F̄(y)) + ln(F̄(x)) in (14), we obtain ( ) 
For simplicity, we denote the (1, 1) th moment of Um and Un, which are also called the simple product moment of these records, by μm,n. The simple product moments are used for evaluating the covariances:
Remark 3.
Setting k = 1 in (15), deduce the explicit expression for product moments of record values from the extended exponential distribution.
Making use of (6), drive recurrence relations for product moments of k th upper record values: Theorem 2. For 1 ≤ m ≤ n − 2 and r, s = 0, 1, 2,…, 
and for m ≥ 2 and r, s = 0, 1, 2,…, 
Proof. From equation (5) for 1 ≤ m ≤ n − 2 and r, s = 0, 1, 2,…, on using (6), 
Remark 4.
Setting k = 1 in (16) and (17), deduce the recurrence relation for the product moments of upper record values from the extended exponential distribution.
Recurrence Relations for the Negative Moments
Let XU(1), XU(1),… be the sequence of the upper record values from the extended exponential distribution. The recurrence relation for the negative moments is given in the following theorem.
Theorem 3. For n ≥ 1 and s > 1,
Proof.
From (3), and for n ≥ 1 and s > 1,
Integrating (20) by parts and simplifying the resultant expression, the result given in (19) is obtained.
Remark 5.
Setting k = 1 in (19), deduce the recurrence relation for the negative moments of upper record values from the extended exponential distribution.
Recurrence Relations for the Quotient Moments
Let XU(1), XU (1),… be the sequence of the upper record values from the extended exponential distribution. Then the recurrence relation for the quotient moments is given by the following theorem:
Theorem 5. For 1 ≤ m ≤ n and for r ≥ 1 and s ≥ 1,
Proof.
From (5), and for 1 ≤ m ≤ n, r ≥ 1, and s ≥ 1, 
. (23) Integrating (23) by parts and using (22), the result given in (21) is obtained.
Corollary 1.
For m ≥ 1, r ≥ 1, and s ≥ 1,
Proof.
Upon substituting n = m + 1 in (21) and simplifying, obtain the quotient moment (21).
Remark 6.
Setting k = 1 in (21), deduce the recurrence relation for the quotient moments of upper record values from the extended exponential distribution.
Characterization
For upper record values, let L(a, b) stand for the space of all integrable functions on (a, b).
x dx n =  , implies g(x) = 0 almost everywhere (a.e.) on (a, b) . Start with the following result of Lin (1986, p. 595 
):
Proposition. Let n0 be any fixed non-negative integer, −∞ ≤ a < b ≤ ∞, and g(x) ≥ 0 an absolutely continuous function with gʹ(x) ≠ 0 a.e. on (a, b) . Then the sequence of functions {(g(x)) n e −g (x) , n ≥ n0} is complete on L(a, b) iff g(x) is strictly monotone on (a, b).
Using the above Proposition, a stronger version of Theorem 1 is obtained. Let {Xn, n ≥ 1} be a sequence of i.i.d. continuous random variables with cdf F(x) and pdf f(x). Let XL(n) be the n th upper record value; then the conditional pdf of XU(n), given XU(m) = x and in view of (4) and (5), is
Theorem 5. Let X be an absolutely continuous random variable with cdf F(x) and pdf f(x) on the support (0, ∞). Then, for m < n, 
Proof.
From (24), 
By setting t = ln(F̄(x) / F̄(y)) from (2) in (26), Theorem 6. Let X be a non-negative random variable having an absolutely continuous distribution function F(x) with F(0) = 0 and 0 < F(x) < 1 for all x > 0. Then 
The necessary part follows immediately from equation (11). However, if the recurrence relation in equation (28) is satisfied, then on using equation (4) 
UPPER RECORD VALUES
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Integrating by parts, the first integral on the right-hand side of equation (29), and simplifying the resulting expression ( ) 
Numerical Results
In Table 1 , the values of means for n = 1, 2,…, 10, α = 1 (1) 3, and λ = 0.5, 1.0 are presented. Observe the means are decreasing with respect to n but increasing with respect to α. In Table 2 , the variances and covariances for different of values m and n and for α = 1 (1) 3 and λ = 0.5, 1.0 are reported. Observe the variances and covariances are decreases with respect to both α and λ. 
Conclusion
The upper record values from the extended exponential model were considered, and exact explicit expressions were obtained, as well as recurrence relations for the single and product moments of record values. Recurrence relations for negative moments and quotient moments of upper record values were also obtained. The recurrence relations obtained in the paper allows us to evaluate the means, variances, and covariances of all upper record values for all sample sizes in a simple recursive manner.
